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Abstract
Using variational methods, we show the existence and multiplicity of solutions of singular boundary value problems of the type{
−div(|x|−αA(|∇u|)∇u) = |x|−βf (x,u) in Ω,
u = 0 on ∂Ω,
where the numbers α and β, as well as the functions A and f satisfy certain conditions.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
We consider weak solutions of the quasilinear elliptic problem with singular weights{−div(|x|−apA(|∇u|)∇u) = |x|−(a+1)p+cf (x,u) in Ω,
u = 0 on ∂Ω, (1)
where Ω ⊂ RN is a bounded domain with C1 boundary, 0 ∈ Ω , N  3, 1 < p <N , −∞ < a < N−p
p
, c > 0, and the
functions A and f satisfy certain conditions.
Degenerate elliptic problems with weights have been intensively studied, starting with the pioneering work of
M.K.V. Murthy and G. Stampacchia [21]. Several references on the subject can be found, for instance in the mono-
graph [19]. In the special case where A(t) = tp−2 for some p > 1, the differential operator becomes a weighted
p-Laplacian.
Here, we are interested in weights which are powers of |x|. In the radial case, i.e., when u = u(|x|), ordinary differ-
ential equations methods apply, and many results about existence, non-existence and asymptotic behavior of solutions
are available (see for example [8,9]). Regarding problems with other weights than powers of |x|, see [3,14,15].
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In 2001, Eq. (1) for p = 2, that is, the weighted Laplacian case where the nonlinearity is a power of u on RN, is
studied by F. Catrina and Z. Wang in [7]. They obtained the existence of solutions within a prescribed symmetry
group. In 2003, also in the weighted Laplacian case, the fact that the solutions of problem (1) are Hölder continuous
in bounded domains Ω with smooth boundary, provided that the nonlinearity has subcritical growth, is proved by
V. Felli and M. Schneider in [13]. In the same year, the existence of solutions in the sense of entropy, in Eq. (1) with
1 < p < N , where the nonlinearity satisfies various structural assumptions, is studied by A. Abdellaoui and I. Peral
in [1]. Blow–up phenomenon of the solutions are discussed as well.
Problem (1) is also studied in some aspects in the weighted p-Laplacian case by B. Xuan. In 2003, using the
Mountain Pass Theorem and linking arguments, the existence of a solution of the problem (1) for a special type of
nonlinearity f is proved in [30]. Subsequently, existence and multiplicity of solutions for an asymptotically linear f
is shown in [31]. In 2004, the eigenvalue problem associated to the problem (1), with 1 <p <N and a  0, is studied
in [29]. In particular, he shows that the first eigenvalue is simple and that the first eigenfunctions do not change sign.
In this paper, we study problem (1) in various situations. We will assume that the functions A and f satisfy the
following conditions:
(H1) A ∈ C(R+,R) and A(t)t is locally integrable on R+0 .
(H2) There exist constants b1, b2 > 0 satisfying
b1  lim inf
t→+∞ t
2−pA(t) lim sup
t→+∞
t2−pA(t) b2.
(H3) The mapping t → tA(t) is strictly increasing and limt→0+ A(t)t = 0.
(f1) f ∈ C(Ω ×R,R).
(f2) There exist non-negative constants a1 and a2, and q ∈ (1, r), where r = min{Np/(N − p),
p(N − (a + 1)p + c)/(N − p(a + 1))}, such that∣∣f (x, t)∣∣ a1 + a2|t |q−1.
Typical examples of the function A of the differential operator in Eq. (1) are the following:
(i) A(t) = b1tp−2 + c1t + dtq−2, where 1 < q < p, b1 > 0 and c1, d  0.
(ii) A(t) = (1 + tq) pq −1tq−2, where 1 < q < p.
(iii) A(t) = (1 + |t |)−1/2/ ln(1 + |t |1−q), where 1 < q < p − 1/2.
(iv) A(t) = (1 + 1
(1+|t |p)p )t
p−2, where p  2.
Note that well-known techniques, like the Mountain Pass Theorem, ensure both the existence and multiplicity of
positive nodal solutions for problems of type (1) in the unweighted case, i.e., when a = 0 (see for example [2,10,16,17,
23,24,27,28]). If a = 0, we cannot apply classical methods directly. In this case, the analysis of existence, multiplicity
and regularity of the solutions becomes a delicate matter due to the degenerate character of the differential equation.
The following integral inequality due to Caffarelli, Kohn and Nirenberg plays a central role in our variational
approach to Eq. (1).( ∫
RN
|x|−bq |u|q dx
)p/q
 Ca,b
∫
RN
|x|−ap|∇u|p dx (2)
where
−∞ < a < N − p
p
, for a  b a + 1,
q = p∗(a, b) = Np
N − dp , for d = 1 + a − b. (3)
(See [6].)
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pletion of C∞0 (Ω) with respect to the norm ‖ · ‖ defined by
‖u‖ =
( ∫
Ω
|x|−ap|∇u|p dx
)1/p
.
It follows from the boundedness of Ω and a standard approximation argument that, for any u ∈ W 1,p0 (Ω, |x|−ap), the
inequality (2) holds, in the sense that, for 1 r  Np
N−p and α  (1 + a)r +N(1 − rp ), we have( ∫
Ω
|x|−α|u|r dx
)p/r
 C
∫
Ω
|x|−ap|∇u|p dx. (4)
In other words, the embedding W 1,p0 (Ω, |x|−ap) ↪→ Lr(Ω, |x|−α) is continuous, where Lr(Ω, |x|−α) is the weighted
Lr -space endowed with the norm
‖u‖r,α := ‖u‖Lr(Ω,|x|−α) =
( ∫
Ω
|x|−α|u|r dx
)1/r
.
The following compactness theorem is due to B. Xuan (compare [30,31]).
Theorem 1.1 (Compact embedding theorem). Suppose that Ω ⊂ RN is an open bounded domain with C1 boundary
and that 0 ∈ Ω , where 1 < p < N, −∞ < a < (N − p)/p, 1 l < Np/(N − p) and α < (1 + a)l + N(1 − (l/p)).
Then the embedding W 1,p0 (Ω, |x|−ap) ↪→ Ll(Ω, |x|−α) is compact.
Our aim is to obtain solutions of the problem (1) as critical points of the energy functional
I (u) = 1
p
∫
Ω
|x|−apS(|∇u|p)− ∫
Ω
|x|−(a+1)p+cF (x,u)
where S(t) = p ∫ t (1/p)0 A(s)s ds and F(x, t) = ∫ t0 f (x, s) ds. Observe that due to our assumptions on the functions A
and f , the energy functional I is C1.
Hence, we now outline the content of this paper. In Section 2, we introduce some definitions and facts that will
be needed in the sequel. In Section 3, we obtain conditions so that the solutions of our problems are Hölder contin-
uous. Section 4 deals with the problem (1) where f = f (u). We show that, under certain conditions, there exists an
unbounded sequence of solutions. (See Theorem 4.2.) The proof of this result is based on a variant of the Mountain
Pass Lemma due to Rabinowitz (see [25, Theorem 9.12]). Section 5 is devoted to the parameter dependent problem
(P )λ
{
−div(|x|−apA(|∇u|)∇u) = λ|x|−(a+1)p+cf (x,u) in Ω,
u = 0 on ∂Ω.
We show the existence of positive solutions under certain conditions on the functions A and f , and we study their
multiplicity and behavior as λ tends to 0. (See Theorems 5.1–5.3.)
2. The (PS) condition
In this section, we discuss the issue of the functional associated with the problem (1).
Let J : W 1,p0 (Ω, |x|−ap) → R be the functional defined by
J (u) = 1
p
∫
Ω
|x|−apS(|∇u|p) (5)
where S(t) = p ∫ t (1/p)0 A(v)v dv. Under the conditions (H1)–(H3) it follows that there exist positive constants α1, α2,
β1 and β2 such that, for every t > 0, we have
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S(t) β1t − β2. (7)
Note that if conditions (H1) through (H3) are satisfied, then J is a C1-functional.
Now, following the lines of [27] and [28], we slightly generalize a result of F. Browder [4,5] in the mappings of
class theory (S)+ of elliptic operators in generalized divergence form.
The next Lemma is well-known, see for instance [26], Lemma 2.1.
Lemma 2.1. Let x, y ∈ RN and 〈·,·〉 be the inner product in RN . Then
〈|x|p−2x − |y|p−2y, x − y〉 {C|x − y|p if p  2,C|x−y|2
(|x|+|y|)2−p if 1 <p < 2,
where C is a positive constant.
Lemma 2.2. Let the function h : R → R be defined by h(t) = S(|t |p). Suppose that h is strictly convex and that
S satisfies inequalities (6) and (7). Then J ′ belongs to the class (S)+. In other words, for all sequences {un} ⊂
W
1,p
0 (Ω, |x|−ap) such that{
un ⇀ u,
lim supn→+∞
〈
J ′(un), un − u
〉
 0 (8)
we have un → u.
Proof. Since〈
J ′(un), un − u
〉= ∫
Ω
|x|−apA(|∇un|)∇un · (∇un − ∇u),
setting γn(x) := |x|−ap∇un(x) · (∇un(x)− ∇u(x)), we have〈
J ′(un), un − u
〉= ∫
Ω
A
(|∇un|)γn(x)χQn(x)+ ∫
Ω
A
(|∇un|)γn(x)χQcn(x),
where Qn = {x ∈ Ω | |∇un(x)|M} and M is a positive constant. We claim∫
Ω
A
(|∇un|)γn(x)χQn(x) n→+∞−−−−−−→ 0. (9)
As a matter of fact, using (H3), Hölder’s inequality and the strictly convexity of the function h, it is not difficult to
verify that ∇un(x) → ∇u(x) a.e. (see [12,27] for instance).
Defining
ηn(x) = A
(|∇un|)γn(x)χQn(x),
we have
ηn(x) → 0 in Ω, and∣∣ηn(x)∣∣A(M)M(M + ∣∣∇u(x)∣∣).
Hence, using Lebesgue’s dominated convergence theorem, we obtain (9). Thus, for any M > 0, we have
lim sup
n→+∞
〈
J ′(un), un − u
〉= lim sup
n→+∞
∫
Ω
A
(|∇un|)γn(x)χQcn(x). (10)
Setting
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{
x ∈ Ω ∣∣ γn(x) 0} and
Γ −n =
{
x ∈ Ω ∣∣ γn(x) < 0},
we have by (H3) and (7),
A(t)t2  S(t
p)
p
 β1
p
tp − β2
p
·
Hence, for M sufficiently large, it follows that∫
Ω
A
(|∇un|)γnχQcn = ∫
Ω
A
(|∇un|)γnχQcnχΓ +n + ∫
Ω
A
(|∇un|)γnχQcnχΓ −n

(
β1
p
− δ1
)∫
Ω
|∇un|p−2γnχQcnχΓ +n + (α2 + δ2)
∫
Ω
|∇un|p−2γnχQcnχΓ −n
where 0 < δ1 < β1/p and δ2 > 0. Thus∫
Ω
A
(|∇un|)γnχQcn  (β1p − δ1
)∫
Ω
|∇un|p−2γnχQcn +
(
α2 + δ2 − β1
p
+ δ1
)∫
Ω
|∇un|p−2γnχQcnχΓ −n . (11)
Next we claim
lim
n→+∞
∫
Ω
|∇un|p−2γnχQcnχΓ −n = 0. (12)
Indeed, defining
Υn = |∇un|p−2γn · χQcn · χΓ −n ,
and using the fact that |∇un(x)|2 ∇un(x)∇u(x) |∇un(x)||∇u(x)| if x ∈ Γ −n , we have that∣∣Υn(x)∣∣ 2|x|−ap∣∣∇u(x)∣∣p, for any x ∈ Ω.
However, Υn(x)
n→+∞−−−−→ 0 a.e. in Ω . Thus (12) follows by Lebesgue dominated convergence theorem. Using (10) and
(11), we obtain(
β1
p
− δ1
)
lim sup
n→+∞
∫
Ω
|∇un|p−2γnχQcn  lim sup
n→+∞
〈
J ′(un), un − u
〉
 0.
Consequently, since
lim
n→+∞
∫
Ω
|∇un|p−2γnχQn = 0,
we have
lim sup
n→+∞
∫
Ω
|x|−ap|∇un|p−2∇un · (∇un − ∇u) 0.
This means that
lim sup
n→+∞
〈
J ′p(un), un − u
〉
 0
where Jp(u) =
∫
Ω
|x|−ap|∇u|p . Then, using Lemma 2.1 and arguing as in the unweighted case (see for instance [22]),
it is not difficult to verify that J ′p belongs to the class (S)+. 
We now study some properties of the energy functional associated with the problem (1), which is given by
I (u) := J (u)−
∫
Ω
|x|−(a+1)p+cF (x,u).
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if any sequence {un} ⊂ E such that I (un) → C and I ′(un) → 0 as n → +∞ possesses a convergent subsequence. If
I ∈ C1(E,R) satisfies the (PS)C condition for every C ∈ R, then we will say that I satisfies the (PS) condition.
Proposition 2.1. Suppose that f satisfies assumptions (f1) and (f2), and F(x, t) = ∫ t0 f (x, s) ds. Furthermore, as-
sume that J satisfies the hypotheses of Lemma 2.2. Then I satisfies the (PS) condition if every sequence {un} in
W
1,p
0 (Ω, |x|−ap) such that∣∣I (un)∣∣ C and I ′(un) → 0, (13)
where C is a constant, is bounded.
Proof. Let C ∈ R, and let {un} ⊂ W 1,p0 (Ω, |x|−ap) be a sequence such that{
I (un) → C, and
I ′(un) → 0. (14)
It suffices to prove that {un} contains a subsequence which converges in the norm of W 1,p0 (Ω, |x|−ap). Since {un}
is bounded, there is a subsequence {unj } converging weakly to some u in W 1,p0 (Ω, |x|−ap).
On the other hand, the second assertion of (14) means that, for all v ∈ W 1,p0 (Ω, |x|−ap), we have∣∣∣∣ ∫
Ω
|x|−apA(|∇unj |)∇unj ∇v − ∫
Ω
|x|−(a+1)p+cf (x,unj )v
∣∣∣∣ εnj ‖v‖W 1,p0 (Ω,|x|−ap)
where εnj → 0. By the compact embedding theorem, Theorem 1.1, choosing v = unj − u and taking limits over
subsequences, we obtain∫
Ω
|x|−apA(|∇unj |)∇unj (∇unj − ∇u) → 0
or in other words
lim
j→+∞
〈
J ′(unj ), unj − u
〉= 0.
According to Lemma 2.2, this means that unj → u strongly in W 1,p0 (Ω, |x|−ap). 
In order to guarantee that the functional I satisfies the (PS) condition, we assume the following further condition
of Ambrosetti–Rabinowitz type on the nonlinearity f :
(f3) There exist θ ∈ ( 1
r
, 1
p
) and t0  0 so that, for |t | t0, we have
θtf (x, t) F(x, t) > 0 where F(x, t) =
t∫
0
f (x, s) ds.
Proposition 2.2. Assume that the functions A and f satisfy, respectively, conditions (H1)–(H3) and assumptions
(f1)–(f3). As well, suppose that the numbers b1 and b2 of condition (H2) satisfy b2θ < b1/p. Then the functional I
satisfies the (PS) condition.
Proof. Let {un} be a sequence satisfying (13). According to Proposition 2.1, it is enough to verify that {un} is bounded.
It follows from (13) that
1
p
∫
Ω
|x|−apS(|∇un|p)− θ ∫
Ω
|x|−apA(|∇un|)|∇un|2 + ∫
Ω
|x|−(a+1)p+c(θf (x,un)un − F(x,un))
 C + εnθ‖un‖W 1,p0 (Ω,|x|−ap)
where εn → 0.
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S(t) ξ1b1t − c0, for all t ∈ R+,
t
2−p
p A(t1/p) ξ2b2, for all t  t0,
ξ2b2θ <
ξ1b1
p
.
Hence, it follows from assumption (f3) that there exists a constant c1 such that(
ξ1b1
p
− ξ2b2θ
)∫
Ω
|x|−ap|∇un|p  c1 + εnθ‖un‖W 1,p0 (Ω,|x|−ap)
which means that {un} is bounded. 
3. A regularity result
In this section, we henceforth assume the slightly stronger condition (H2′) below instead of condition (H2).
(H2′) There exist positive constants b1 and b2 satisfying b1 A(t)t2−p  b2, for all t  0.
Thus, we propose to prove both boundedness and Hölder regularity of the solutions of our problem (1). We will make
use of the following two lemmata. Firstly, Lemma 3.1, is proved in the special case of the p-Laplacian operator with
nonlinearity term given by f + m(1 + |v|p−2v) where f,m ∈ LN/p(D) (see [18]), although the proof carries over
without any difficulties to the general case. The second lemma, Lemma 3.2 is contained in [20], see also [18], for the
case of the p-Laplacian operator.
Lemma 3.1. Let D be a bounded domain in RN , with 1 <p <N , and let l : D ×R → R be a Carathéodory function
so that, for any function ϕ ∈ LN/p(D), we have∣∣l(y, t)∣∣ ϕ(y)(1 + |t |p−1), for all (y, t) ∈ D ×R. (15)
For i ∈ {1, . . . ,N}, let ai : D ×RN → R be such that ai = ai(y, ξ) is measurable in y and continuous in ξ , and that
for all (y, ξ) ∈ D ×RN and some positive numbers k1 and k2, the following two inequalities hold:
ξiai(y, ξ) k1|ξ |p, and (16)√√√√ N∑
i=1
a2i (y, ξ) k2|ξ |p−1, for all (y, ξ) ∈ D ×RN. (17)
Furthermore, let v ∈ W 1,p0 (D) satisfy
− ∂
∂yi
ai(y,∇v) = l(y, v) in D. (18)
Then v ∈ Lr(D), for every r  1.
Lemma 3.2. Let D and ai , for i = 1, . . . ,N , be as in Lemma 3.1. Let v ∈ W 1,p0 (D) satisfies
− ∂
∂yi
ai(y,∇v) = f (y) in D, (19)
where f ∈ Lρ(D), for some ρ > N/p. Then, v ∈ L∞(D) ∩ C0,αloc (D), for some α ∈ (0,1]. Moreover, if ∂D ∈ C0,1,
then u ∈ C0,α(D).
The main result of this section continues as following:
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p − 1 < q < min
{
Np
N − p − 1; p − 1 +
cp
N − p(a + 1)
}
. (20)
Let g : Ω ×R → R be a Carathéodory function, so that, for all (x, t) ∈ Ω ×R and some c1 > 0, we have∣∣g(x, t)∣∣ c1(1 + |t |q). (21)
Let u ∈ W 1,p0 (Ω, |x|−ap) satisfy weakly
−div(|x|−apA(|∇u|)∇u)= |x|−βg(x,u) in Ω. (22)
Then u ∈ L∞(Ω)∩C0,αloc (Ω), for some α ∈ (0,1]. Furthermore, if ∂Ω ∈ C0,1, then u ∈ C0,α(Ω).
Proof. We introduce new coordinates given by
x = |y|k−1y, for x ∈ RN, where k = N − p
N − p(a + 1) .
We set D := {y: x ∈ Ω}, v(y) := u(x), h(y, t) := g(x, t) (x ∈ Ω, t ∈ R). Then it is not difficult to see that v ∈
W
1,p
0 (D) and that v satisfies weakly
− ∂
∂yi
ai(y,∇v) = kp|y|−γ h(y, v) in D (23)
where γ = p − c(N − p)/(N − p(a + 1)), and where, for y ∈ D and ξ ∈ RN, we have
ai(y, ξ) = A
( |y|(1−k)
k
B(y, ξ)
)
·
( |y|(1−k)
k
B(y, ξ)
)2−p 1
kp−1
B(y, ξ)p−2
(
k2ξi +
(
1 − k2)yiyj ξj|y|2
)
and
B(y, ξ) :=
{
k2|ξ |2 + (1 − k2) (yj ξj )2|y|2
}1/2
.
Notice that k > 0 and that, for i = 1, . . . ,N, the functions ai, satisfy the conditions (16) and (17), with k1 =
b1 · min{1, k} and k2 = b2 · max{1, k}. We will write
d(y) := |y|
−γ h(y, v(y))
1 + |v(y)|p−1 , for y ∈ D.
Now from the Sobolev embedding theorem it follows that v ∈ LNp/(N−p)(Ω). Since
q < p − 1 + cp
N − p(a + 1) ,
Hölder’s inequality yields∫
D
|d|Np  c1
∫
D
|y|− γNp (1 + |v|N(q−p+1)p )
 c1
( ∫
D
|y|−
γNp
p2−(N−p)(q−p+1)
) p2−(N−p)(q−p+1)
p2
(
c2 +
( ∫
D
|v| NpN−p
) (N−p)(q−p+1)
p2
)
< +∞
where c2 is any positive constant. That is, v satisfies the conditions of Lemma 3.1. Hence v ∈ Lr(D) for every r  1,
i.e., |y|−γ g(y, v(y)) ∈ Lρ(D), for some ρ >N/p. The theorem now follows from Lemma 3.2. 
Let us mention that it seems rather difficult to prove Cα-regularity of solutions under the weaker condition (H2).
On the other hand, if our differential operator satisfies assumption (H2′), Theorem 3.1 shows that the solutions of
problem (1) which we will obtain in the following sections are locally Hölder continuous.
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In this section, we study the problem{−div(|x|−apA(|∇u|)∇u) = |x|−(a+1)p+cf (u) in Ω,
u = 0 on ∂Ω, (24)
where Ω ⊂ RN is a bounded domain with C1 boundary, 0 ∈ Ω , 2 p <N, −∞ < a < N−p
p
, c > 0, and the functions
A and f satisfy, respectively, conditions (H1) through (H3) and (f1) through (f3).
Consider the eigenvalue problem for the weighted Laplacian{
Lu := −div(|x|−2a∇u) = λ|x|−2au in Ω,
u = 0 on ∂Ω, (25)
together with the associated bilinear form B : W 1,20 (Ω, |x|−2a)×W 1,20 (Ω, |x|−2a) → R given by
B[u,v] =
∫
Ω
|x|−2a ∇u∇v.
Arguing as in the unweighted case we have the following result.
Theorem 4.1.
(i) The operator L has a real discrete spectrum. Repeating each eigenvalue according to its (finite) multiplicity, we
have
0 < λ1  λ2  λ3  · · · ,
and λk → ∞ as k → ∞.
(ii) For k ∈ N, there exists an orthonormal basis {ϕk}k1 of L2(Ω, |x|−2a) so that{
Lϕk = λkϕk in Ω,
ϕk = 0 on ∂Ω, (26)
where ϕk ∈ W 1,20 (Ω, |x|−2a) is an eigenfunction corresponding to the eigenvalue λk .
Proof. (1) For the bilinear form B , we have that∣∣B[u,v]∣∣ ‖u‖
W
1,2
0 (Ω,|x|−2a)‖v‖W 1,20 (Ω,|x|−2a)
and
B[u,u] = ‖u‖2
W
1,2
0 (Ω,|x|−2a)
for all u,v ∈ W 1,20 (Ω, |x|−2a).
Thus B satisfies the hypothesis of Lax–Milgram Theorem. (See [11].) Now let f : W 1,20 (Ω, |x|−2a) → R be a
bounded linear functional on W 1,20 (Ω, |x|−2a). Then there exists a unique element u ∈ W 1,20 (Ω, |x|−2a) such that
B[u,v] = f (v)
for all v ∈ W 1,20 (Ω, |x|−2a).
(2) Let g ∈ L2(Ω, |x|−2a). Then there exists a unique u ∈ W 1,20 (Ω, |x|−2a) such that
B[u,v] = 〈g, v〉L2(Ω,|x|−2a), for all v ∈ W 1,20
(
Ω, |x|−2a).
Thus, we can define T = L−1 : L2(Ω, |x|−2a) → W 1,20 (Ω, |x|−2a), given by Tf as the unique element of
W
1,2
0 (Ω, |x|−2a) such that
B[Tf, v] = 〈f, v〉L2(Ω,|x|−2a).
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‖u‖2 = B[u,u] = 〈f,u〉 ‖f ‖L2(Ω,|x|−2a)‖u‖L2(Ω,|x|−2a) C‖f ‖L2(Ω,|x|−2a)‖u‖W 1,20 (Ω,|x|−2a),
so that
‖Tf ‖
W
1,2
0 (Ω,|x|−2a)  C‖f ‖L2(Ω,|x|−2a).
Since the embedding W 1,20 (Ω, |x|−2a) ↪→ L2(Ω, |x|−2a) is compact, we deduce that T is a compact operator.
(4) We claim that T is symmetric. To see this, let f,g ∈ L2(Ω, |x|−2a). The equation Tf = u means that u ∈
W
1,2
0 (Ω, |x|−2a) is the weak solution of{
Lu = |x|−2af in Ω,
u = 0 on ∂Ω.
Analogously, T g = v means that v ∈ W 1,20 (Ω, |x|−2a) solves{
Lv = |x|−2ag in Ω,
v = 0 on ∂Ω.
Thus
〈Tf,g〉L2(Ω,|x|−2a) = 〈f,T g〉L2(Ω,|x|−2a)
for all f,g ∈ L2(Ω, |x|−2a). Therefore, T is symmetric.
(5) Observe that
〈Tf,f 〉L2(Ω,|x|−2a) = 〈u,f 〉L2(Ω,|x|−2a) = B[u,u] 0
for all f ∈ L2(Ω, |x|−2a). The theory of compact, symmetric operators then implies that all the eigenvalues of T are
real, positive, and there are corresponding eigenfunctions which constitute an orthonormal basis of L2(Ω, |x|−2a).
Observe also that for, η = 0, we have that Tw = ηw if and only if
η
∫
Ω
L(w)v = B[ηw,v] =
∫
Ω
|x|−2awv,
or in other words{
Lw = 1
η
|x|−2aw in Ω,
w = 0 on ∂Ω,
in the weak sense. 
Assume that u is an eigenfunction. It then follows from our regularity result that u is bounded. Moreover, according
to a well-known regularity result, we have u ∈ C1,αloc (Ω \ {0}) for some α ∈ (0,1) (see for example [20]). Using a
scaling argument, it is not difficult to see that if B2ε(0)Ω , for some ε > 0, then∣∣∇u(x)∣∣ c|x|−1, for all x ∈ Bε(0) \ {0}. (27)
Indeed, let 0 < r  (3/2)ε, and set y = rx and v(y) = u(rx) (x ∈ B1(0)). Then v satisfies
−div(|y|−2a∇v)= λr2|y|−2av in B1(0) \B1/4(0).
Since v is bounded, interior elliptic estimates lead to
|∇v| c
2
in B2/3(0) \B1/3(0),
for some positive constant c, which does not depend on r . The last inequality also means that
|∇u| c
2
1
r
 c|x|−1 in B2r/3(0) \Br/3(0),
and (27) follows.
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Let k ∈ N. Denote by Hk the finite dimensional space spanned by the first k eigenfunctions, which correspond to the
eigenvalues λ1, . . . , λk, of the singular elliptic equation (25). Note that as p  2, we conclude that W 1,p0 (Ω, |x|−ap)
is a subset of W 1,20 (Ω, |x|−2a). Let Wk be a subspace of W 1,p0 (Ω, |x|−ap) such that
W
1,p
0
(
Ω, |x|−ap)= Hk ⊕Wk.
It follows from the definitions of Hk and Wk that
‖u‖2
W
1,2
0 (Ω,|x|−2a)
 λk+1‖u‖2L2(Ω,|x|−2a), for all u ∈ Wk
and
λk‖u‖2L2(Ω,|x|−2a)  ‖u‖2W 1,20 (Ω,|x|−2a), for all u ∈ Hk.
In this section, we will assume that the parameters a, c, r and q satisfy one of the following three conditions:
(i) a > 0, c > p(N − p(a + 1))/(N − p) and
p(a + 1)− c
a
 q < p∗ = r.
(ii) a  0, c p(N − (a + 1)p)/(N − p) and
1 < q < p∗ = r.
(iii) a < 0, 0 < c < p(N − (a + 1)p)/(N − p) and
1 < q <
p(N − (a + 1)p + c)
N − (a + 1)p = r.
The proof of the main result of this section depends on the following three lemmata.
Lemma 4.1. For each finite dimensional subspace E ⊂ W 1,p0 (Ω, |x|−ap), there exists a number R = R(E), so that,
I  0 in E \BR, where BR = {v ∈ W 1,p0 (Ω, |x|−ap) | ‖v‖ <R}.
Proof. According to assumption (f3), there exist k1 > 0 and k2 ∈ R so that, for all t ∈ R, we have
F(t) k1|t |1/θ + k2. (28)
By the conditions (H1) and (H2), there exist constants η1, η2 > 0 and C > 0 such that
−C + η1t  S(t) η2t +C, for all t  0. (29)
In view of (28) and (29), there exists a number C˜ > 0 such that for every u ∈ W 1,p0 (Ω, |x|−ap) we have,
I (u) =
∫
Ω
{
|x|−ap S(|∇u|
p)
p
− |x|−(a+1)p+cF (u)
}
 η2
p
∫
Ω
|x|−ap|∇u|p + C˜ − k1
∫
Ω
|x|−(a+1)p+c|u|1/θ .
Since p < 1/θ and ‖ · ‖
W
1,p
0 (Ω,|x|−ap)
, ‖ · ‖L(1/θ)(Ω,|x|−(a+1)p+c) are equivalent norms in E, we conclude that there
exists an R > 0 so that
I  0 on E \BR. 
Lemma 4.2. For every u ∈ W 1,p0 (Ω, |x|−ap), we have
‖u‖Lq(Ω,|x|−(a+1)p+c)  C‖u‖αL2(Ω,|x|−2a)‖u‖1−αW 1,p0 (Ω,|x|−ap)
where α ∈ (0,1).
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‖u‖Lq(Ω,|x|−(a+1)p+c)  ‖u‖αL2(Ω,|x|−2a)‖u‖1−αLp∗ (Ω,|x|−β ) (30)
by Hölder’s inequality, where
β = p
∗
q
(
(a + 1)p − c − qαa
1 − α
)
and
α = 2(Np − (N − p)q)
q(Np − 2(N − p)) .
The result now follows from conditions (i) through (iii) and inequalities (30) and (4). 
Lemma 4.3. There exist constants ρ,β > 0 and k ∈ N so that I |∂Bρ∩Wk  β.
Proof. According to assumption (f2) and (29), we have
I (u) ξ1
p
∫
Ω
|x|−ap|∇u|p −C2
∫
Ω
|x|−(a+1)p+c|u|q −C3.
Let k ∈ N. It follows from Lemma 4.2 and the definition of Wk that, for all u ∈ Wk ∩W 1,p0 (Ω, |x|−ap), we have
‖u‖Lq(Ω,|x|−(a+1)p+c) 
C4
λ
α/2
k+1
‖u‖
W
1,p
0 (Ω,|x|−ap)
where C4 is any positive constant. If u ∈ ∂Bρ it follows that
I (u) ρp
(
ξ1
p
− C5
λ
αq/2
k+1
ρq−p
)
−C6
where C5 and C6 are positive constants. Without loss of generality we may suppose that q > p.
Choosing ρ = ρk so that
ξ1
p
− C5
λ
αq/2
k+1
ρ
q−p
k =
ξ1
q
we find
I (u) ξ1
q
ρ
p
k −C6.
See that ρk → +∞ as k → +∞. Hence, there is a β > 0, so that, for k large enough we have
ξ1
q
ρ
p
k −C6  β, for all u ∈ ∂Bρ ∩Wk. 
We are now in a position to prove our main result.
Theorem 4.2. Suppose that functions A and f satisfy, respectively, conditions (H1) through (H3) and (f1) through (f3).
Assume that the following further condition is satisfied:
(f4) The function F is even.
Moreover, suppose that p  2 and that the numbers b1 and b2 in condition (H2) satisfy b2θ < b1/p. Finally, if the
parameters a, c, r and q satisfy one of the conditions (i) through (iii), then the problem (24) possesses an unbounded
sequence of weak solutions.
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case for conditions (f1) through (f3) is given by f (t) = a1(1 + |t |q−1).
Proof of Theorem 4.2. According to condition (f3), the functional I satisfies the (PS) condition. By Lemmata 4.1
and 4.3, we can apply Theorem 9.12 of [25]. Therefore, I possesses an unbounded sequence of critical values ck =
I (uk), where uk is a weak solution of (24).
We claim that {uk} is an unbounded sequence of W 1,p0 (Ω, |x|−ap). In fact, since I ′(uk)uk = 0, we have∫
Ω
|x|−apA(|∇uk|)|∇uk|2 = ∫
Ω
|x|−(a+1)p+cf (uk)uk. (31)
Now ck = I (uk) implies
1
p
∫
Ω
|x|−apS(|∇uk|p)− ∫
Ω
|x|−(a+1)p+cF (uk) = ck → +∞. (32)
Multiplying by 1/p in (31) and subtracting from (32) yields
ck = 1
p
∫
Ω
|x|−ap(S(|∇uk|p)−A(|∇uk|)|∇uk|2)+ ∫
Ω
|x|−(a+1)p+c
(
f (uk)uk
p
− F(uk)
)
. (33)
According to condition (H3), we have
A(t)t2  S(t
p)
p
, for all t > 0. (34)
Combining (33) with (34), we obtain(
1 − 1
p
)∫
Ω
|x|−apA(|∇uk|)|∇uk|2 + ∫
Ω
|x|−(a+1)p+c
(
f (uk)uk
p
− F(uk)
)
 ck (35)
which implies that {uk} is unbounded. 
5. Parameter dependent problem
In this section, we consider the elliptic problem with singular weights
(P )λ
{−div(|x|−apA(|∇u|)∇u) = λ|x|−p(a+1)+cf (x,u) in Ω,
u = 0 on ∂Ω,
where Ω ⊂ RN , with N  3, is an open bounded domain with C1 boundary, 0 ∈ Ω, 1 < p < N, −∞ < a < N−p
p
,
and c > 0.
We consider the functional associated with the problem (P )λ
Iλ(u) = 1
p
∫
Ω
S
(|∇u|p)− λ∫
Ω
|x|−(a+1)p+cF (x,u)
where
S(t) = p
t1/p∫
0
A(s)s ds and F(x, t) =
t∫
0
f (x, s) ds.
Observe that if conditions (H1)–(H3), (f1) and (f2) are satisfied, then Iλ is a C1-functional on the space
W
1,p
(Ω, |x|−ap). Furthermore, the same conditions imply the following three properties:0
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(II) There are positive constants c1 and c2 satisfying
S(t) c1t + c2, for t  0.
(III) There are positive constants b0 and b1 such that∣∣F(x, t)∣∣ b0|t |l + b1, for all x ∈ Ω,
where l < r = min{ Np
N−p ,
p(N−(a+1)p+c)
N−p(a+1) }.
We will further assume the following condition
(H4) There is a positive constant c0 such that
c0t  S(t), for t  0.
Theorem 5.1 (The superlinear case). Assume conditions (H1) through (H4), (f1), (f2) and (f3). Then, there exists
a positive constant λ∗ such that, for any 0 < λ < λ∗, there is a non-trivial solution uλ of the problem (P )λ in
W
1,p
0 (Ω, |x|−ap). Moreover,
lim
λ→0 ‖uλ‖ = ∞.
The proof of the above theorem is obtained by an application of the following two lemmata.
Lemma 5.1. There are numbers αλ,ρλ > 0 satisfying limλ→0+ αλ = +∞ and Iλ(u) > αλ, for ‖u‖ = ρλ.
Proof. It follows from property (III) and condition (H4) that, for each u ∈ W 1,p0 (Ω, |x|−ap), we have
Iλ(u)
c0
p
∫
Ω
|x|−ap|∇u|p − λb0
∫
Ω
|x|−(a+1)p+c|u|l − λb˜1
 c0
p
‖u‖p − λb˜0‖u‖l − λb˜1 (36)
where b˜0 and b˜1 are positive constants. Let
‖u‖ = λ−β where 0 < β < 1
l − p ,
and define ρλ = λ−β . Then
Iλ(u)
c0
p
λ−βp − b˜0λ1−lβ − λb˜1.
Notice that p < l by condition (f3). Defining αλ = c0p λ−pβ − b˜0λ1−lβ − λb˜1 and ρλ = λ−β , this concludes the proof
of the lemma. 
Lemma 5.2. Let v = 0 in W 1,p0 (Ω, |x|−ap). Then
lim
t→+∞ Iλ(tv) = −∞.
Proof. According to property (II) and condition (f3), we have
Iλ(tv) = 1
p
∫
Ω
|x|−apS(tp|∇v|p)− ∫
Ω
|x|−(a+1)p+cF (x, tv)
 c1t
p
p
∫
|x|−ap|∇v|p + c˜2 − k0t1/θ
∫
|x|−(a+1)p+c|v|1/θ + k1Ω Ω
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p
p
‖v‖p + ĉ2 − k˜0t1/θ‖v‖1/θ
where c1, ĉ2, k˜0 and k1 are positive constants. The required limit now follows from the fact that p < 1θ . 
Proof of Theorem 5.1. The conditions (H1) through (H4), (f1), (f2) and (f3) imply that Iλ satisfies the (PS) condition.
Hence, the preceding lemmata allow us to apply the Mountain Pass Theorem. Thus, there exists a non-trivial critical
point uλ for Iλ such that
Iλ(uλ) = cλ  αλ. (37)
Moreover, from properties (II) and (III) we conclude that
I (uλ)
c1
p
‖uλ‖p + ĉ2.
In view of (37) and Lemma 5.1 we then deduce that
lim
λ→0+
‖uλ‖ = +∞. 
Lemma 5.3. Let X be a Banach space, and let I : X → R be a lower semicontinuous functional which is Gateux
differentiable. Suppose that I is bounded below on the set B(0, δ) and that inf{I (u) | u ∈ B(0, δ)} < 0. Furthermore,
assume that I (u)  0 when ‖u‖ = δ. Then, for each 0 < ε < − inf{I (u) | u ∈ B(0, δ)}, there exists a uε such that
‖uε‖ < δ and that the following two inequalities hold:
(i) I (uε) inf{I (u) | u ∈ B(0, δ)} + ε.
(ii) ‖I ′(uε)‖ ε.
Proof. We apply Ekeland’s variational principle to the function I restricted to B(0, δ). Hence, for each ε > 0 there
exists a point uε ∈ B(0, δ) such that
I (uε)− I (u) ε‖u− uε‖ (38)
for every u ∈ B(0, δ) with u = uε , and (i) is satisfied. Now assume that ‖uε‖ = δ. Then
0 I (uε) inf
{
I (u)
∣∣ u ∈ B(0, δ)}+ ε.
Let c := inf{I (u) | u ∈ B(0, δ)} and 0 < ε < −c. Then the above inequalities immediately give a contradiction. Hence
we have that ‖uε‖ < δ. Finally, we obtain the assertion (ii) from inequality (38). 
Theorem 5.2. Suppose that f (x, t)  0, for all x ∈ Ω and t  0. In addition, assume that for some r0 > 0, the
following two conditions hold:
(a) limt→0 F(x,tσ )F (x,t) = σ r0 , for every 0 < σ < 1 and all x ∈ Ω ,
(b) limt→0 F(x,t)S(tp) = +∞ for all x ∈ Ω .
Then, under conditions (H1) through (H4), (f1) and (f2), there exists a positive constant λ∗, such that, for every
0 < λ< λ∗ there is a solution uλ of the problem (P )λ in W 1,p0 (Ω, |x|−ap). Moreover,
lim
λ→0+
‖uλ‖ = 0.
Proof. For α > 0 let ρλ = λα . By inequality of (36), for every u ∈ B(0, ρλ), we have
Iλ(u) C0λαp − k0λ1+αl − λb˜1.
Choosing 0 < α < 1
p
and taking λ∗ sufficiently small, for 0 < λ< λ∗ we find
Iλ(u) 0
whenever ‖u‖ = ρλ = λα .
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Let φt = tv, for t  0, where v ∈ C∞0 (Ω) is such that 0 < v  1 and 0 |∇v| 1. Then
Iλ(φt ) = 1
p
∫
Ω
|x|−apS(tp|∇v|p)− λ∫
Ω
|x|−(a+1)p+cF (x, tv)
= S(tp)[ 1
p
∫
Ω
|x|−ap S(t
p|∇v|p)
S(tp)
− λ
S(tp)
∫
Ω
|x|−(a+1)p+cF (x, t)F (x, tv)
F (x, t)
]
.
Since
S(tp|∇v|p)
S(tp)
 1, for t > 0,
and also
F(x, tv)
F (x, t)
 1, for t > 0, x ∈ Ω,
and in view of conditions (a) and (b), the dominated convergence theorem yields the existence of δ > 0 such that
Iλ(tv) < 0 whenever 0 < t < δ.
Thus, cλ = inf{Iλ(u) | u ∈ B(0, δ)} is negative, and the assumptions of the preceding lemma are verified. Since Iλ
satisfies the (PS) condition, there exists a non-trivial minimizer uλ in the interior of B(0, ρλ), or in other words, a
non-trivial weak solution of the problem (P )λ. Moreover, for 0 < λ< λ∗ we obtain ‖uλ‖ < λα . Hence, if α > 0, then
uλ tends to zero as λ tends to 0+, which completes the proof. 
Corollary 5.1. Under the hypotheses of Theorems 5.1 and 5.2, there exist at least two solutions uλ and vλ of the
problem (P )λ, such that
lim
λ→0 ‖uλ‖ = +∞ and limλ→0+ ‖vλ‖ = 0.
Theorem 5.3 (The sublinear case). Assume conditions (H1) through (H4), (f1) and (f2). Suppose that a  0 and that
l < p. In addition, for all x ∈ Ω and all 0 < σ < 1 the following three conditions hold:
(i) limt→0 F(x,tσ )F (x,t) = σ r0 , where r0 <p .
(ii) lim inft→0 F(x,t)S(tp) > 0.(iii) There exist positive constants c1, c2 and r1 > 0 satisfying
F(x, t) c1t r1 − c2.
Then, there is a λ∗ > 0 such that, for every λ > λ∗ there exists a solution uλ of the problem (P )λ in W 1,p0 (Ω, |x|−ap).
Moreover, limλ→∞ ‖uλ‖ = +∞.
Lemma 5.4. Under the hypotheses of Theorem 5.3, for all λ > 0, the functional Iλ satisfies the (PS) condition.
Proof. Let {un} be a (PS)-sequence. According to Proposition 2.1, it suffices to verify that {un} is bounded. Let λ1 be
the first eigenvalue of the singular quasilinear elliptic equation{
−div(|x|ap|∇u|p−2∇u) = λ|x|−(a+1)p+c|u|p−2u in Ω,
u = 0 on ∂Ω.
(See [29].)
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lim|t |→∞
F(x, t)
|t |p = 0.
Then, for 0 < ε < c0λ1
pλ
there exists cε > 0 such that∣∣F(x, t)∣∣ ε|t |p + cε, for all t ∈ R.
Hence if∣∣Iλ(un)∣∣ C and I ′λ(un) → 0
it follows that
C  Iλ(un)
c0
p
‖un‖p − λε
∫
Ω
|x|−(a+1)p+c|un|p − λc˜ε
where c˜ε is a positive constant. Therefore,
Iλ(un)
c0
p
‖un‖p − λε
λ1
‖un‖p − λc˜ε =
(
c0λ1 − pλε
pλ1
)
‖un‖p − λc˜ε,
which means that {un} is bounded. 
Proof of Theorem 5.3. Since the inequality
Iλ(u)
c0
p
‖u‖p − λb˜0‖u‖l − λb˜1
holds for some positive constants b˜0, b˜1 and l < p, we conclude that cλ = inf{Iλ(u) | u ∈ W 1,p0 (Ω, |x|−ap)} > −∞,
for every λ, and that there is a minimizer uλ. According to (ii), there exist μ,δ > 0, such that
F(x, t)
S(tp)
 μ whenever 0 < t < δ.
Choosing φt = tv, for t sufficiently small, we find
Iλ(φt ) S
(
tp
)( 1
p
∫
Ω
|x|−ap S(t
p|∇v|p)
S(tp)
−μλ
∫
Ω
|x|−(a+1)p+c F (x, tv)
F (x, t)
)
.
Thus, there exists λ∗ > 0, so that, for λ > λ∗ there is a tλ for which
Iλ(tλv) < 0.
Hence −∞ < cλ < 0, i.e., uλ is a non-trivial minimizer.
According to condition (iii), we have
Iλ(u)
c0
p
∫
Ω
|x|−ap|∇u|p − λc1
∫
Ω
|x|−(a+1)p+c|u|r1 .
Fix some v ∈ W 1,p0 (Ω, |x|−ap) and let u = tv. Then
cλ  inf
t0
{
Btp − λCtr1}
where
B = c0
p
∫
Ω
|x|−ap|∇v|p dx and C = c1
∫
Ω
|x|−(a+1)p+c|v|r1 .
Hence
cλ  B−
r1
p−r1 C
p
p−r1
[(
r1
) p
p−r1 −
(
r1
) r1
p−r1
]
λ
p
p−r1 ·p p
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cλ −kλ
p
p−r1 , for k > 0.
On the other hand, according to the properties (II), (III) and (H4), we have
cλ = Iλ(uλ)
= 1
p
∫
Ω
|x|−apS(|∇uλ|p)− λ∫
Ω
|x|−(a+1)p+cF (x,uλ)
 c0
p
∫
Ω
|x|−ap|∇uλ|p − λ
(
b˜0
∫
Ω
|x|−(a+1)p+c|uλ|l + b˜1
)
.
Therefore
−kλ
p
p−r1  cλ 
c0
p
‖uλ‖p − λ
(
C‖uλ‖l + b˜1
)
where C is a positive constant. Now, if ‖uλ‖ is bounded for all λ > 0, then there is a subsequence {λn} such that
λn → ∞ and the sequence ‖uλn‖ converges as λn → ∞. The preceding inequality also yields
−kλ
r1
p−r1
n 
c0
pλn
‖uλn‖p −
(
C‖uλn‖l + b˜1
)
.
Passing to the limit as λn → ∞ we arrive at a contradiction. 
Our next result gives necessary conditions which ensure the existence of non-negative solutions of the prob-
lem (P )λ.
Theorem 5.4. Assume that the function f satisfies (f4). Suppose also that f (x, t) = 0 for t  0 and all x ∈ Ω , as well
as f (x, t) > 0 for t > 0 and all x ∈ Ω . Then, if u is a weak solution of the problem (P )λ, it is non-negative.
Proof. Let u be a weak solution of the problem (P )λ. Then, for every φ ∈ W 1,p0 (Ω, |x|−ap) we have∫
Ω
|x|−apA(|∇u|)∇u∇φ = λ∫
Ω
|x|−(a+1)p+cf (x,u)φ.
Let u = u+ + u− and take φ = u−. Then
−
∫
Ω
|x|−apA(|∇u−|)∣∣∇u−∣∣2 = λ∫
Ω
|x|−(a+1)p+cf (x,−u−)u− = 0.
Hence |∇u−| = 0. Therefore u 0 a.e. in Ω . 
Corollary 5.2. Assume that f is non-negative and that it satisfies the hypotheses of Theorems 5.1 and 5.2. Then, there
exist at least two non-negative solutions uλ and vλ of (P )λ such that
lim
λ→0 ‖uλ‖ = +∞ and limλ→0+ ‖vλ‖ = 0.
Corollary 5.3. Let f be such that f (x, t)  0, for all t > 0 and all x. Then, under the hypotheses of Theorem 5.3,
there is λ∗ > 0 such that, for λ > λ∗, there exists a non-negative solution uλ and
lim
λ→+∞‖uλ‖ = ∞.
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